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Abstract

These notes are made to go a little further in the different theories introduced in a four
talks lecture during the summer school “Current Topics in the Theory of Algebraic Groups”,
in Dijon, on July 3rd - 7th, 2017.

The aim of this lecture was to introduce one of the big theories of complex algebraic geom-
etry, the Minimal Model Program (MMP), in the case of G-varieties, i.e., algebraic varieties
endowed with an action of an algebraic group G.

In these notes, I first introduce birational geometry and the MMP, and I explain what
happens when an algebraic group acts on the varieties. Secondly, I introduce the theory of
Cartier divisors or equivariantly line bundles; and in particular G-linearized line bundles over
G-varieties, which naturally reveal a family of G-varieties: spherical varieties. Then, I intro-
duce two particular subfamilies of spherical varieties: toric and horospherical varieties. And I
explain how to study the geometry of these varieties by using the theory of algebraic groups
and convex geometry (in particular polytopes). Finally, I describe the MMP for horospherical
varieties via one-parameter families of polytopes.

1 A short introduction to birational geometry

Here, varieties are algebraic varieties over C, i.e., locally defined as the set of zeros of poly-
nomials. Moreover we suppose them to be irreducible, i.e., they cannot be the union of two
varieties. The topology of these varieties is the Zariski topology, where closed sets are sets
of zeros of polynomials; in particular, non-empty open sets are dense.

Example 1.1. The cylinder: y2 + x2 = 1.

The cone: z2 = y2 + x2.

The equation z = 0 defines closed subsets: a circle in the cylinder and the union of two lines
in the cone (over C).

Morphisms are maps locally defined by polynomials.

Example 1.2. – The projection of a parabola to a line
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{(x, y) | y = x2 + 1} −→ {(x, y) | y = 0}
(x, y) 7−→ (x, 0)

– The natural map from the cylinder to the cone

{(x, y, z) | x2 + y2 = 1} −→ {(x, y, z) | z2 = x2 + y2}
(x, y, z) 7−→ (xz, yz, z)

An isomorphism is a bijective morphism whose inverse is also a morphism.
The first map above is an isomorphism.
The second one is an isomorphism on the open sets z 6= 0, then we say that the morphism is
birational.

Definition 1.3. Two varieties X and X ′ are said to be birational if there exists open sets
ΩX and ΩX′ of X and X ′ respectively such that ΩX and ΩX′ are isomorphic (i.e., there exists
an isomorphism from ΩX to ΩX′).

Birationality is an equivalence relation. Then it is natural to ask:

• what are the birationality classes?

• is there a “minimal” or “canonical” variety in each class?

From now on, we only consider projective varieties, i.e., sets of zeros of homogeneous
polynomials in a projective space.

A partial answer to the above questions is given by the Minimal Model Program by
using birational morphisms. The principle of the MMP is to transform a variety X into a
birational variety that is either a minimal model (i.e., with only “non-negative” curves) or
a Mori fibration (a fibration with general fiber a Fano variety i.e., with only “negative”
curves).

For this we use morphims that contracts “negative” curves, called contractions, and if
necessary we use partial desingularizations that add “positive” curves, called flips.

There are several types of singularities for which the MMP works, the classical MMP only
deals with Q-factorial singularities (Definition 2.15), but we can also consider an MMP with
Q-Gorenstein singularities (Definition 2.15): see [Pas14].
We can also consider several types of positivity of curves, but we generally consider the one
given by the canonical divisor of X (see Section 2.3).

We summarize the MMP in Figure 1.

Definition 1.4. A contraction φ : X −→ Y is a projective morphism such that φ∗(OX) =
OY . A contraction is said to be small, if it birational and the complementary of the set of
isomorphism of φ (i.e., the maximal open set on which φ restricts to an isomorphism) is of
codimension at least 2.

In particular, a contraction is a proper morphism and has connected fibers. Moreover,
there is no small contraction in dimension 2.

Definition 1.5. Let φ : X −→ Y be a contraction that contracts “negative” curves, with
X “not too singular” and Y ”too singular”. A flip associated to φ is a small contraction
φ+ : X+ −→ Y that contracts “positive” curves with X+ “not too singular”.

Proposition 1.6. If a flip exists, it is unique.

Theorem 1.7 (Birkar, Cascini, Hacon, McKernan, 2010). Flips exists.
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Figure 1: the classical MMP
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It is still a conjecture that the MMP ends for any choices of “extremal negatives curves”.

Consider now the MMP from a G-variety.
We denote by G a connected algebraic group over C, i.e., a group and a variety such that

the mutliplication and the inversion are morphisms of varieties. (Note that G is connected
if and only if G is irreducible.) We say that G acts on a variety X if there is an action
G × X −→ X that is a morphism; and then X is called a G-variety. If φ : X −→ Y is a
morphism between two G-varieties, we say that φ is G-equivariant if

∀g ∈ G, ∀x ∈ X, φ(g · x) = g · φ(x).

The following result justifies that, without loss of generality, we can consider G-varieties
instead of varieties in the MMP.

Lemma 1.8 (Blanchard 1956; Brion, Samuel, Uma, 2013). Let X and Y be two varieties,
let G be a connected algebraic group and let φ : X −→ Y be a proper morphism such that
φ∗(OX) = OY . Suppose that G acts on X. Then there exists a unique action on Y such that
φ is G-equivariant.

The lemma applies in particular to contractions. If we admit as the same way that, the
action of G extends G-equivariantly in flips, we get the following.

Proposition 1.9. Let X be a (“not too singular”) G-variety, then there exist unique G-actions
on all varieties constructed in the MMP from X, such that all constructed contractions are
G-equivariant.

Corollary 1.10. Let X be a (“not too singular”) G-variety with an open G-orbit isomorphic
to G/H. Then, as long as we do not end with a Mori fibration, the varieties constructed in
the MMP from X also have an open G-orbit isomorphic to G/H.

Proof. As long as we do not have a Mori fibration, all contractions are birational and G-
equivariant. In particular, the sets of isomorphism of these contractions are G-stable, and
then they must contain the open G-orbit G/H.

Example 1.11. Let X be the cylinder of Example 1.1. Let φ : X −→ Y be a contraction
that contracts the horizontal circle at z = 0 (i.e., sends it to a point). Let the additive group
Ga ' C acts on X by vertical translation (λ · (x, y, z) 7−→ (x, y, z + λ)). Then the lemma
implies that all horizontal circles are also sent to a point by φ. Then Y is the vertical line and
φ is the natural projection.

We can also consider the projectivization of X defined by X̄ := {[x, y, z, w] ∈ P3 | x2+y2+
w2 = 0}. Then Ga also acts on X̄ by vertical translation ( λ·[x, y, z, w] 7−→ [x, y, z+λw,w]). As
before, we deduce that dim(Y ) ≤ 1 and then that the two lines at infinity are also contracted
by φ.

But SO3(C) (or SL2(C)) also acts on X̄ (action deduced from the action on C3 ' Cx ⊕
Cy ⊕ Cw). Then a vertical line (x = 0 and w = iy for example) is sent by an element of
SO3(C) to one of the two lines at infinity w = 0 and x = iy. Hence, any vertical line is also
contracted by φ, and then Y is a point.

We will see later in Example 4.4 that there exists another projectivization of X that admits
a contraction to P1.

2 A short introduction to divisors and line bundles

We first recall briefly the theory of divisors and line bundles. All varieties are supposed to
be projective and normal (in particular regular in codimension one). We also introduce the
anticanonical line bundle, which plays an important role in the MMP. And finally, we specialize
the theory to G-linearized line bundles.
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2.1 The general theory of divisors and line bundles

Projective varieties can be embedded by different ways in different projective spaces. For
exemple, P1 can be embedded in itself or in P2 by the embedding [x, y] 7−→ [x2, xy, y2]. These
different ways are parametrized by geometric objects called very ample line bundles. Line
bundles, invertible sheaves and Cartier divisors are equivalent in our context where varieties
are normal. See [Har77] or [Per08] for more details on this theory.

We denote by C(X) the field of rational functions on X, i.e., the fraction field of the ring
of functions of any affine open set of X.

Example 2.1. Let X = Pn. Then C(X) is C(X0, X1, . . . , Xn)hom i.e., the fraction field of
the polynomial ring C[X1/X0, . . . , Xn/X0], which is the ring of functions of the affine open
set U0 := {[x0, . . . , xn] ∈ Pn | x0 6= 0}.

Definition 2.2. An prime divisor of X is an irreducible subvariety of X of codimension 1.
A Weil divisor of X is a formal sum of prime divisors with coefficients in Z.

To a function f in C(X), we associate a Weil divisor div(f) as follows: for any prime
divisor D of X, the coefficient of D in div(f) is the degree of zeros of f along D (or poles
and then the coefficient is negative). We say that two Weil divisors D and D′ are linearly
equivalent if there exists f in C(X) such that D = D′ + div(f).

Example 2.3. Let X = Pn and f = x1x
2
2/x

3
0. Then div(f) = D1 + 2D2 − 3D0, where

Di := {[x0, . . . , xn] ∈ Pn | xi = 0}.

Definition 2.4. A Weil divisor ∆ of X is said to be a Cartier divisor if it is locally linearly
equivalent to zero: for any x ∈ X, there exist an open set U of X containing x and a rational
function fU in C(U) such that ∆|U = div(fU ).

Note that the function fU is only unique up to multiplication by an invertible function on
U . Moreover there exists a finite covering of X by such open sets.

For normal varieties, Cartier divisors are “in bijection” with line bundles.

Definition 2.5. Let ∆ be a Cartier divisor of X, with functions fU associated to a finite
covering of X as above. Then we define the line bundle L(∆) to be the locally trivial line
bundle on X defined with the following transition maps for any U and V in the open covering

φUV : U ∩ V × C −→ U ∩ V × C
(u, z) 7−→ (u, fVfU (u)z).

To get the reverse construction from a line bundle L on X, choose a finite covering of X
that locally trivializes L. Then fix one of the open set of the covering, and then there exists
a unique divisor ∆ such that for any U in the covering ∆|U = div(φU0U ), where φU0U are the
transition maps.

Example 2.6. Let X = Pn and ∆ = D0, with notation of Examples 2.1 and 2.3. We consider
the canonical covering

⋃n
i=0 Ui of Pn. Then for any i ∈ {0, . . . , n}, ∆|Ui = div(x0/xi). And

L(D0) is defined by transition maps

φij : Ui ∩ Uj × C −→ Ui ∩ Uj × C
([x0, . . . , xn], z) 7−→ ([x0, . . . , xn],

xj
xi
z).

The line bundle L(D0) on Pn is denoted by O(1) or OPn(1).
The tautological line bundle {([x], z) ∈ Pn × Cn+1 | z ∈ Cx} is the line bundle L(−D0).

Definition 2.7. Let ∆ be a Cartier divisor of X, with notation of Definition 2.4. A global
section of ∆ is a family (sU )U of regular functions sU on U , such that for any U and V ,
sV = fV

fU
sU on U ∩ V . It defines a section s : X −→ L of L(∆) (by for any x ∈ U ,

s(x) = (x, sU (x)) ∈ U × C), and inversely.
We denote by H0(X,∆) or H0(X,L) the set of global sections of divisors and line bundles.

It is a vector space over C.

Example 2.8. Let X = Pn, with notation of Examples 2.1, 2.3 and 2.6. A basis of H0(X,D0)
is (s0, . . . , sn) where si is the family (xi/xj)j∈{0,...,n} (associated to the canonical covering of
P1).

And H0(X,−D0) = 0.
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Definition 2.9. A Cartier divisor ∆ of X is said globally generated (or base point free) if
for any x ∈ X there exists a section s of ∆ such that s does not vanish in x (i.e., the exists U
such that x ∈ U and sU (x) 6= 0, or equivalently for any U , sU (x) 6= 0).

Proposition 2.10. Let ∆ be a globally generated Cartier divisor of X. Then the map

φ∆ : X −→ P(H0(X,∆)∗)
x 7−→ [s 7−→ s(x)]

is well-defined.

Proof. We just have to prove that the element [s 7−→ sU (x)] in P(H0(X,∆)∗) does not depend
on the open set U containing x. But if U and V contain x, then sV (x) = fV

fU
(x)sU (x) where

fV
fU

(x) is a non-zero complex number that does not depend on s.

Example 2.11. If ∆ = 0 then H0(X,∆) = C and φ∆ : X −→ P0 ' pt.

Example 2.12. Let X = Pn, with notation of Examples 2.1, 2.3, 2.6 and 2.8. The divisor D0

is globally generated because for any [x0, . . . , xn] ∈ Pn, there exists i ∈ {0, . . . , n} such that
xi 6= 0 and then si does not vanish in x. And the map φD0

is an isomorphism.
The divisor 2D0 is also globally generated, H0(X, 2D0) = S2Cn+1 and φ2D0

is the Veronese
embedding:

Pn −→ P(S2Cn+1)
[x0, . . . , xn] 7−→ [x2

0, x0x1, . . . , xixj , . . . , x
2
n]

In that latter example, the maps φ∆ are embeddings of X in projective spaces, which are
the cases we are interested in.

Definition 2.13. Let ∆ be a Cartier divisor of X. We say that ∆ is very ample if φ∆ is an
embedding. We say that ∆ is ample if there exists a positive integer k such that k∆ is very
ample.

We can give the same definition with line bundles instead of Cartier divisors.

Proposition 2.14. Let φ be an embedding of X in Pn, such that φ(X) is contained in no
linear subspace of Pn. Then the line bundle φ∗(O(1)) (i.e., the restriction of O(1) to X) is
very ample. And the morphism φ is the one associated to φ∗(O(1)).

Proof. A global section of φ∗(O(1)) is the restriction of a global section of O(1), then The
vector space of global sections of φ∗(O(1)) is generated by the restrictions si|X of the section
si of O(1) defined in Example 2.8. Hence φ∗(O(1)) is clearly globally generated because O(1)
is, so that the morphism φ′ associated to φ∗(O(1)) is well-defined. The si|X are linearly
independent because φ(X) is contained in no linear subspace of Pn. Then φ′ also goes to Pn
and it is not difficult to check that φ′ = φ.

Definition 2.15. A Q-divisor D is a formal sum of prime divisors with coefficients in Q. A
divisor (or a Q-divisor) is said to be Q-Cartier if some multiple is Cartier.

A variety is said to be Q-factorial if any Weil divisor is Q-Cartier.
A variety is said to be Q-Goresntein if its canonical divisor (defined below) is Q-Cartier.

2.2 Anticanonical divisors

An important and natural line bundle of a smooth variety X of dimension d is the determinant∧d
TX of its tangent bundle, called the anticanonical line bundle. An anticanonical

divisor of X is a divisor associated to the anticanonical line bundle (unique up to linear
equivalence). We denote it by −KX . (The divisor KX is called canonical divisor.)

If X is not smooth but normal, we can extend the definition of anticanonical divisor by
taking the anticanonical divisor of the smooth part of X and extending it to X (in a unique
way because X is regular in codimension one).

In the rest of the paper we use the theory of intersection of curves with lines bundles (or
equivalently Cartier divisors). The intersection of a divisor with a curve would be intuitively
defined as the number of points (with multiplicity) of their intersection (the intersection of
a one-codimensional subvariety with a one-dimensional subvariety is zero-dimensional in gen-
eral). Let me give here a more precise definition in the particular case wher the curve is
isomorphic to P1.
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Definition 2.16. Let X be a variety and L be a line bundle over X. Let C be a curve in
X that is isomophic to P1. Then the restriction L|C of L to C is a line bundle over P1 and
then L|C ' OP1(k) for a certain k ∈ Z. The integer k si called the intersection number of
L with C and denoted by L · C.

In that paper, if KX is Cartier, we say that a curve C is positive (resp. negative, resp.
zero) if KX · C is positive (resp. negative, resp. zero).

2.3 G-linearized line bundles

In this section, G is a linear algebraic group over C.

Definition 2.17. Let X be a G-variety and L be a line bundle over X. Denote π : L −→ X.
Then L is said to be G-linearized if G acts on L so that π is G-equivariant and G acts
linearly on each fiber, i.e., for any g ∈ G and any l ∈ L, we have ·π(g · l) = g · π(l), and the
map from the line π−1(π(l)) ' C to the line π−1(π(g · l)) ' C that sends l′ to g · l′ is linear.

Proposition 2.18. [KKLV89, Section 2.4] Let X be a normal G-variety and L be a line
bundle over X.

Then, there exists a positive integer n such that L⊗n is G-linearized.
Moreover n can be choosen to be the order of the Picard group of G. In particular, if G̃

denotes the universal cover of G, then L is G̃-linearized.

Example 2.19. Let G = PSLn+1(C) acting on Pn. Consider the tautological line bundle
O(−1) over Pn. Recall that it is defined by {([x], z) ∈ Pn × Cn+1 | z ∈ Cx}. Then G̃ =
SLn+1(C) acts naturally on O(−1) so that O(−1) is G̃-linearized. Also the tautological line
bundle is not G-linearized, but O(−n − 1) is G-linearized. Indeed, O(−n − 1) is defined by
{([x], z) ∈ Pn × Sn+1Cn+1 | z ∈ Cx⊗ · · · ⊗ x} and then has a natural action of G.

Proposition 2.20. Let X be a normal G-variety and L be a G-linearized line bundle over X.
Then the vector space H0(X,L) is a G-module.

Proof. The vector space H0(X,L) is the space of global sections s : X −→ L. Then, G
acts on H0(X,L) by: for any g ∈ G, for any s ∈ H0(X,L) and for any x ∈ X we have
g · s(x) = g · s(g−1 · x). (The map g · s satisfies π ◦ (g · s) = id because π is G-equivariant.)
Moreover G acts linearly on H0(X,L) because it acts linearly on each fiber of L.

Proposition 2.21. Let X be a normal G-variety and L be a G-linearized globally generated
line bundle over X. Then the map

φL X −→ P(H0(X,L)∗)
x 7−→ [s 7−→ s(x)]

is G-equivariant.

Proof. Note that for any g ∈ G, any s ∈ H0(X,L) and any x ∈ X, we have g · [s 7−→ s(x)] =
[s 7−→ (g−1 · s)(x)] = [s 7−→ g−1 · s(g · x)] = [s 7−→ s(g · x)].

Example 2.22. Let P be a parabolic subgroup of G and χ be a character of P . Then we
define the line bundle Lχ over G/P by the quotient G×P Cχ of G× C by the equivalence ∼
defined as follows:

∀g ∈ G, ∀p ∈ P, ∀z ∈ C, (g, z) ∼ (gp, χ(p)z).

(The map π from Lχ to G/P is defined by π((g, z)) = gP .) The group G acts on Lχ by

left multiplication and π is G-equivariant. Moreover, for any g ∈ G and any (h, z) ∈ Lχ
we have π−1(π((h, z)) = hP ×P Cχ ' C and G acts trivially on each fiber. Any global
section of Lχ is given by a regular function f of G that satifies: for any p ∈ P and any
g ∈ G, f(gp) = χ(p)f(g). Indeed, such a function f defines a section s : G/P −→ Lχ by

s(gP ) := (g, f(g)). Thus H0(X,Lχ)∗ is the irreducible G-module associated to χ (in particular
{0} if χ is not dominant).

In particular, if G = SL4(C), G/P2 is the Grassmannian of planes in C4, and χ = $2 is the

fundamental weight of P2, then the map φLχ is the Plücker embedding of G/P2 in P(
∧2 C4).

Remark 2.23. The G-module H0(X,L) is said to be multiplicity free if for any irreducible
G-module V , HomG(H0(X,L), V ) is trivial or one-dimensional, i.e., the multiplicity of V in
H0(X,L) is zero or one.
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If for any line bundle L over the G-variety X, the G-module H0(X,L) is multiplicity free then
X is spherical, i.e. has an open orbit under the action of a Borel subgroup B of G.
A particular case of spherical varieties is the case of horospherical varieties when the
unipotent radical U of B fixes a point x0 of the G-open orbit of X. In that case, for any
very ample line bundle L over X the map φL maps x0 to the line generated by a sum of
highest weight vectors in P(H0(X,L)∗). And, X is isomorphic to the closure of G · φL(x0) in
P(H0(X,L)∗). (See for example the case of the Grassmannian above.)

3 Toric and horospherical varieties

The varieties are still supposed to be normal, but not necessarily projective here.
A famous subfamily of horospherical varieties (in addition to flag varieties) is the family

of toric varieties, when G = (C∗)n and G · x0 ' G (with notation of Remark 2.23).
We first introduce the theory of toric varieties (see [Ful93] or [CLS11] for more detail).

And then we will explain how to generalize the theory to horospherical varieties (see [Pas06],
[Pas08] or [Pas15] for more detail).

3.1 Toric varieties

Here G = (C∗)n (we use G for the group and (C∗)n for the homogeneous space G · x0). We
denote by M the set of characters of G (isomorphic to Zn). We denote N := HomZ(M,Z),
MQ := M ⊗Z Q and NQ := N ⊗Z Q. Then the ring of regular functions (and the field
of rational functions) on (C∗)n is generated by the monomials Wm := Xm1

1 · · ·Xmn
n with

m = (m1, . . . ,mn) ∈M ' Zn. For any m ∈M , the monomial Wm is a function of weight m,
i.e. ∀z ∈ G, ∀x ∈ (C∗)n, Wm(z · x) = m(z)Wm(x). It is unique up to scalar multiplication.
The set of such functions is denoted by C((C∗)n)(G), here C((C∗)n)(G) =

⊕
m∈M CWm and

note that M ' C((C∗)n)(G)/C∗.
Let X be an affine toric G-variety (of dimension n). Then G acts on the ring C[X], and we

have C[X] =
⊕

m∈M C[X]
(G)
m ⊂

⊕
m∈M CWm. Hence, C[X] is completely determined by the

semi-group {m ∈M | C[X]
(G)
m 6= 0}. The fact that X is normal implies that this semi-group

is saturated, i.e., it is the intersection of a cone σ∨ in MQ with M . Denote by σ the dual cone
of σ∨ in NQ (σ = {n ∈ NQ | ∀m ∈ σ∨, 〈m,n〉 ≥ 0}). The cone σ is called the cone associated
to X, denoted by σX .

Now, let X be a toric G-variety. Then it is covered by open G-stable affine subsets. The
fan of X, denoted by FX , is the set of cones σU associated to open G-stable affine subsets U
of X. It satifies (the definition of fan):

• any cone in FX contains no line;

• any face of any cone in FX is in FX ;

• any two cones intersect along a commun face.

Example 3.1. Let X = Pn where G acts by (z1, . . . , zn) · [x0, . . . , xn] = [x0, z1x1, . . . , znxn].
Its open G-orbit is the G-orbit of [1, . . . , 1]. The monomials Wm are the rational functions

of Pn that sends [x0, . . . , xn] to
x
m1
1 ···x

mn
n

x
m1+···+mn
0

. The open G-stable affine subvarieties of Pn are

the sets UI := {[x0, . . . , xn] | ∀i ∈ I, xi 6= 0}, with non-empty I ⊂ {0, . . . , n}. But C[UI ] is
generated by Wm such that ∀i 6∈ I, mi ≥ 0 and if 0 6∈ I, m1 + · · · + mn ≤ 0; then σUI is
generated by the ei with i 6∈ I and −e1 − · · · − en if 0 6∈ I (where (e1, . . . , en) denotes the
canonical basis of N). For example, σU{0,...,n} = {0} (note that U{0,...,n} is the open G-orbit),
σU{1,...,n} = Q≥0(−e1− · · · − en), σU{0,2,...,n} = Q≥0e1, σU0 is generated by e1, . . . , en, and σU1

is generated by e2, . . . , en and −e1 − · · · − en.

Proposition 3.2. Let X be a toric variety. Every Weil divisor of X is linearly equivalent to
a G-stable Weil divisor.

Prime G-stable divisors of X are in bijection with the set of edges of the fan FX . We denote
them by X1, . . . , Xk, and we denote by x1, . . . , xn the primitive element of the associated edges
(they are elements of N).

Cartier G-stable divisors of X are in bijection with piecewise linear functions on FX whose
linear functions are given by elements of M . To a piecewise linear function h on FX corre-
sponds the divisor

∑k
i=1 h(xi)Xi.
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Sketch of proof. The open set X\
⋃k
i=1Xi is the open G-orbit of X. But (C∗)n is factorial,

then every Weil divisor of (C∗)n is linearly equivalent to 0, and then every Weil divisor of X
is linearly equivalent to a linear combinaison of the Xi’s.

Let D be a prime G-stable divisor of X. The valuation associated to D restricts to
C((C∗)n)(G) and then defines a linear map from M to Z, i.e., an element of N . This element
is primitive becauce D is prime, and we can prove that this element generates the cone
associated to the open set consisting of the open G-orbit of X and the open G-orbit of D.
Reciprocally, let σ be an edge of FX generated by the primitive element n. Then it corresponds
to an open G-stable subset U of X, such that C[U ] is generated by Wm with m ∈M such that
〈m,n〉 ≥ 0. In particular U is isomorphic to (C∗)n−1×C, has two orbits: the open G-orbit of
X and another one of codimension one whose closure in X is then a prime divisor.

Let D =
∑k
i=1 diXi be a Cartier G-stable divisor of X. It is locally principal, more

precisely it has to be principal on open G-stable affine subsets of X. Then for any such subset
U , corresponding to a cone σ in FX , we have D|U = div(fU ) where fU ∈ C(U)(G) (because
D is G-stable). But fU corresponds to an element mσ in M , which can be viewed as a linear
function on NQ. Then we can check that the family (mσ)σ∈FX defines a piecewise linear
functions on FX .

Proposition 3.3. Let X be a toric variety and D =
∑k
i=1 diXi be a Cartier G-stable divisor

of X. Then H0(X,D) =
⊕

m∈Q∩M CWm, where

Q := {m ∈MQ | ∀i ∈ {1, . . . , k}, 〈m,xi〉 ≥ −di}.

Sketch of proof. Let m ∈ Q ∩M . Define sm by (sm)U := WmfU with the notation of the
previous proof. We can check that (sm)U is a regular function on U because, for any i ∈
{1, . . . , k}, 〈m,xi〉 ≥ −di.
Reciprocally, since H0(X,D) is a G-module it decomposes into the direct sum of G-stable
lines. Let s be a non-zero element of such a line and denote by m its weight. Then sU

fU
is

Wm up to scalar multiplication, and since sU is regular on U (for any U), we have for any
i ∈ {1, . . . , k}, 〈m,xi〉 ≥ −di.

We now give two classical results without proof.

Proposition 3.4. Let X be a toric variety, D be a Cartier G-stable divisor of X and hD be
the associated piecewise linear function.
Then D is globally generated if and only if hD is convex.
And D is ample if and only if hD is strictly convex.

Example 3.5. Let X = Pn as in Example 3.1. Then X has n + 1 prime G-stable divisors:
Xi := {[y0, . . . , yn] | yi = 0}, for i ∈ {0, . . . , n}. Any Weil divisor is Cartier. We have
H0(X, lX0) =

⊕
m∈Q∩M CWm where Q is the simplex of vertices 0, le1, . . . , len.

Proposition 3.6. An anticanonical divisor of a toric variety X is the sum
∑k
i=1Xi of all

G-stable prime divisors of X.

Example 3.7. Let X = Pn as in Example 3.5. An anticanonical divisor of X is
∑n
i=0Xi,

linearly equivalent to (n + 1)X0. In fact, it is well known that the anticanonical line bundle
of Pn is O(n+ 1).

3.2 Horospherical varieties

The theory of horospherical varieties is similar to the theory of toric varieties, they are classified
by colored fans instead of fans.

Here G is any reductive connected algebraic group over C.
We fix a horospherical G/H-embedding, i.e., such that H contains a maximal unioptent

subgroup U of G.
Fix a Borel subgroup B of G such that U is the unipotent radical of B, and T a maximal

torus in B. Then denote by P the normalizer of H in G, it is a parabolic subgroup of G
containing B and we have a torus fibration G/H −→ G/P . Denote by M the set of characters
of P whose resctriction to H is trivial. In particular, M = C(G/H)(B)/C∗. Keep the same
notation for N , MQ and NQ as in Section 3.1.

Let R be the set of simple roots of (G,B, T ) that are not simple roots of P . For any
α ∈ R, we denote by Dα the B-stable divisor of G/H defined by inverse image of the B-stable
Schubert divisor of G/P associated to α. The B-stable divisor Dα, for α ∈ R, are called
colors. Any Dα defined a B-invariant valuation on C(G/H), thus defines an element of N .

9



In fact the element associated to Dα is the restriction to M of the cocharacter α∨, it is denoted
by α∨M and called the image of the color Dα.

Definition 3.8. 1. A colored cone in NQ is a couple (C,F) where F is a subset of SP
and C is a cone in NQ generated by finitely many elements of N and the α∨M with α in
F such that, α∨M 6= 0 for any α ∈ F and C contains no line.

2. A colored face of a colored cone (C,F) is a couple (C′,F ′) where C′ is a face of the cone
C and F ′ = {α ∈ F | α∨M ∈ C′}. It is in particular a colored cone.

3. A colored fan in NQ is a finite set F of colored cones such that: any colored faces of
a colored cone of F is in F, and for any u ∈ NQ there exists at most one colored cone
(C,F) of F such that u is in the relative interior of C.

4. A fan is complete if
⋃

(C,F)∈F C = NQ.

Here, as we do not presice what isomorphism of G/H-embedding are, we consider that a
G/H-embedding is just a normal G-variety with an open G-orbit isomorphic to G/H.

Theorem 3.9 ([Kno91]). There exists a bijective map from the set of isomorphic classes of
G/H-embeddings to the set of colored fans in NQ.

Moreover, X is complete if and only if its colored fan FX is complete.

We denote by FX the set of colors of X, i.e.
⋃

(C,F)∈F F .

Definition 3.10. The pseudo-moment polytope of (X,D) is

Q̃D := {m ∈MQ | 〈m,xi〉 ≥ −di, ∀i ∈ {1, . . . , r} and 〈m,α∨M 〉 ≥ −dα, ∀α ∈ R}.

Let v0 :=
∑
α∈R dα$α. The moment polytope of (X,D) is QD := v0 + Q̃D.

Theorem 3.11. [Bri89] Let X be a G/H-embedding. Denote by X1, . . . , Xk the G-stable
prime divisors or X, and denote by x1, . . . , xk the primitive elements of the associated edges
(without color) of FX .

1. Any Weil divisor D of X is linearly equivalent to a B-stable divisor, i.e. of the form
D =

∑k
i=1 diXi +

∑
α∈R dαDα.

2. Such a divisor D is Cartier if and only if for any (C,F) ∈ FX there exists m ∈M such
that for any xi ∈ C, 〈χ, xi〉 = di and for any α ∈ F , 〈χ, α∨M 〉 = dα. Thus, it defines a
piecewise linear function hD.

The G-module H0(X,D) equals
⊕

m∈Q̃D∩M V (v0 + m), where V (χ) denotes the irre-
ducible G-module of highest weight χ.

3. The Cartier divisor D is globally generated (respectively ample) if and only if hD is
convex (respectively strictly convex) and for any α ∈ R\FX , hD(α∨M ) ≤ dα (respectively
hD(α∨M ) < dα).

4. An anticanonical divisor of X is

−KX =

k∑
i=1

Xi +
∑
α∈R

aαDα,

where aα = 〈2ρP , α∨〉 such that ρP is the sum of positive roots of (G,B, T ) that are not
roots of P .

Note that the aα are integers greater than or equal to 2.

Morphisms between horospherical varieties can be also described in terms of colored fans.

The curves of horospherical varieties are also well-known (the intersecting ones are iso-
morphic to P1) and the intersection numbers of divisors with curves can be also described in
terms of colored fans [Bri93].

3.3 Classification of projective horospherical varieties in terms of
moment polytopes

The latter section permits to give a classification of projective horospherical varieties in terms
of moment polytopes.
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In the rest of the section, we fix a projective G/H-embedding X and a Q-divisor D =∑r
i=1 diXi +

∑
α∈R dαDα of X. And we suppose that D is Q-Cartier and ample.

We denote by X(P ) the group of characters of P and by X(P )+ the subset of dominant
characters of P (and X(P )Q = X(P )⊗Z Q, X(P )+

Q = X(P )+⊗Z Q). For any α ∈ R, the wall

Wα,P is the intersection of X(P )+
Q with the hyperplane defined by 〈 · , α∨〉 = 0.

Proposition 3.12. [Pas15, Corollary 2.8]

1. The pseudo-moment polytope Q̃D of (X,D) is of maximal dimension in MQ.

2. The moment polytope QD is contained in the dominant chamber X(P )+
Q and it is not

contained in any wall Wα,P for α ∈ R.

3. There is a bijection between faces of QD (or Q̃D) and G-orbits of X (preserving the
respective orders). In particular, the G-stable primes divisors Xi are in bijection with
the facets of QD that are not contained in any wall Wα,P for α ∈ R (the bijection maps

Xi to the facet of Q̃D defined by 〈m,xi〉 = −di).

4. The divisor D can be computed from the pair (Q, Q̃) as follows: the coefficients dα with
α ∈ R are given by the translation vector in X(P )Q that maps Q̃ to Q; and for any
i ∈ {1, . . . , r}, the coefficient di is given by −〈m,xi〉 for any element m ∈ MQ in the
facet of Q̃ associated to Xi.

Definition 3.13. Let Q be a polytope in X(P )+
Q (not necessarily a lattice polytope). We

say that Q is a G/H-polytope, if its direction is MQ (i.e., if the subvector space of X(P )Q,
spanned by the vectors x− y with x and y in Q, is MQ) and if it is contained in no wall Wα,P

with α ∈ R.
Let Q and Q′ be two G/H-polytopes in X(P )+

Q . Consider any polytopes Q̃ and Q̃′ in MQ
obtained by translations from Q and Q′ respectively. We say that Q and Q′ are equivalent
G/H-polytopes if the following conditions are satisfied.

1. There exist an integer j and 2j affine half-spaces H+
1 , . . . ,H

+
j and H′+1 , . . . ,H′

+
j of MQ

(respectively delimited by the affine hyperplanes H1, . . . ,Hj and H′1, . . . ,H′j) such that

Q̃ is the intersection of theH+
i , Q̃′ is the intersection of theH′+i , and for all i ∈ {1, . . . , j},

H+
i is the image of H′+i by a translation.

2. With the notation of the previous item, for all subsets J of {1, . . . , j}, the intersections
∩i∈JHi ∩ Q̃ and ∩i∈JH′i ∩ Q̃′ have the same dimension.

3. Q and Q′ intersect exactly the same walls Wα,P of X(P )+
Q (with α ∈ R).

Proposition 3.14. [Pas15, Proposition 2.10] The map from (isomorphism classes of) pro-
jective G/H-embeddings to the set of equivalence classes of G/H-polytopes that maps X to the
class of the moment polytope of (X,D), where D is any ample Q-Cartier B-stable Q-divisor,
is a well-defined bijection.

Since isomorphism classes of horospherical homogeneous G-spaces are in bijection with
pairs (P,M) where P is a parabolic subgroup of G containing B and M is a sublattice of
X(P ) (see [Pas15, Proposition 2.4]), we can give the following alternative classification.

Definition 3.15. A moment quadruple is a quadruple (P,M,Q, Q̃) where P is a parabolic
subgroup of G containing B, M is a sublattice of X(P ), Q is a polytope in X(P )+

Q and Q̃ is
a polytope in MQ that satisfies the three following conditions.

1. There exists (a unique) $ ∈ X(P )Q such that Q = $ + Q̃.

2. The polytope Q̃ is of maximal dimension in MQ (i.e., its interior in MQ is not empty).

3. The polytope Q is not contained in any wall Wα,P for α ∈ R.

Definition 3.16. A polarized horospherical variety (respectively G/H-embedding) is a
pair (X,D) such that X is a projective horospherical variety (respectively G/H-embedding)
and D is an ample Q-Cartier B-stable Q-divisor. We say that (X,D) is isomorphic to (X ′, D′)
if there is an isomorphism from X to X ′ of embeddings of the same homogeneous space such
that D gets identified with D′ under this isomorphism.

Corollary 3.17. The map from the set of isomorphism classes of polarized projective horo-
spherical G-varieties to the set of classes of moment quadruples, that maps the polarized projec-
tive horospherical G-varieties (X,D) to the moment quadruples (P,M,QD, Q̃D) is a bijection.
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Morphisms between projective horospherical varieties can be also described in terms of
moment polytopes (see for example [Pas15, Section 2.4] or [Pas17, Section 2.4]).

The curves of horospherical varieties are also well-known and the intersection numbers of
Q-Cartier divisors with curves can be also described in terms of moment polytopes (see for
example [Pas15, Section 2.5] or [Pas17, Section 2.5]).

4 MMP for horospherical varieties via moment polytopes

In this section, we summarize the result of [Pas15] that describes the MMP for horospherical
varieties by studying certain continuous changes of moment polytopes of polarized horospher-
ical varieties. Note that this result can be generalized to Log MMP [Pas17].

4.1 A one-parameter family of polytopes associated to a polarized
horospherical variety

Let X be a projective horospherical variety. We suppose that X is Q-Gorenstein, i.e. KX is
Q-Cartier.

The idea is to choose an ample Q-Cartier Q-divisor D of X and change continuously D
by using KX , in order to obtain a not ample but globally generated divisor D′. The ample
divisor D gives an embedding from X to a projective space, while D′ gives a map, from X to
a projective space, that is not an embedding. This defines a contraction from X to X ′, where
X ′ is the image of the latter map.

Concretely, we consider the divisor D + εKX for any rational number ε small enough. In
terms of moment polytopes we consider the family of moment (and pseudo-moment) polytopes
QD+εKX (and Q̃D+εKX ) for ε small enough, that we extend to a family for any non-negative
rational number ε. And then we study this family to deduce an MMP for X.

Let D =
∑r
i=1 diXi +

∑
α∈R dαDα be a Q-Cartier Q-divisor of X. Recall that an anti-

canonical divisor of X is −KX =
∑k
i=1Xi +

∑
α∈R aαDα (see Theorem 3.11).

We define for any ε ∈ Q≥0, the pseudo-moment and moment polytopes Q̃ε := {x ∈
MQ | Ax ≥ B̃ + εC̃} and Qε := vε + Q̃ε where the matrices A, B̃, C̃ and the vector vε are
defined below.

Recall that x1, . . . , xk denote the primitive elements of N associated to the G-stable prime
divisors Xi of X. Choosing an order in R we denote by α1, . . . , αl its elements. We fix a basis
B of M and we denote by B∨ the dual basis in N . The rank of M is denoted by n.

Now define A ∈Mk+l,n(Q) whose first k rows are the coordinates of the vectors xi in the
basis B∨ with i ∈ {1, . . . , k} and whose last l rows are the coordinates of the vectors α∨j|M in

B∨ with j ∈ {1, . . . , l}.
Let B̃ be the column matrix such that the pseudo-moment polytope of D is defined

by {x ∈ MQ | Ax ≥ B̃}. In fact, B̃ is the column matrix associated to the vector
(−d1, . . . ,−dk,−dα1 , . . . ,−dαl).

Similarly, the column matrix C̃ corresponds to the vector (1, . . . , 1, aα1
, . . . , aαl).

Finally, define vε :=
∑
α∈R(dα − εaα)$α (which is not necessarily in MQ).

Note that, if MQ = X(P )Q, we can also write the moment polytopes as follows Qε :=
{x ∈ MQ | Ax ≥ B + εC} where B and C are respectively the column matrices asso-
ciated to the vectors (−d1 + 〈x1,

∑
α∈R dα$α〉, . . . ,−dk + 〈xr,

∑
α∈R dα$α〉, 0, . . . , 0) and

(1− 〈x1,
∑
α∈R aα$α〉, . . . , 1− 〈xk,

∑
α∈R aα$α〉, 0, . . . , 0). Moreover, even if MQ 6= X(P )Q,

it is easy to see that the l last inequalities defining Q̃ε are equivalent to the fact that Qε is in
X+(P )Q.

4.2 The MMP described by the one-parameter family of polytopes:
examples

To explain how to study the one-parameter family (Qε)ε∈Q≥0
in order to describe the MMP

for X, we give several examples. Note that the described MMP only depends on the choice of
the ample Q-Cartier Q-divisor X.
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Example 4.1. Let X = P1 × P1. Then G = (C∗)2 acts on X by (z1, z2) · ([a, b], [c, d]) =
([a, z1b], [c, z2d]). Then X is toric variety with four G-stable divisors: X1 (b = 0), X2 (d = 0),
X3 (a = 0) and X4 (c = 0), so that x1 = (1, 0), x2 = (0, 1), x3 = (−1, 0) and x4 = (0,−1) in
the canonical basis of N (dual to the canonical basis of M = X((C∗)2)).

Every divisor of X is linearly equivalent to some D = d3X3 + d4X4, because if fm is
a non-zero rational function of X of weight m ∈ M , we have div(fm) =

∑k
i=1〈m,xi〉Xi =

m1X1 + m2X2 − m1X3 − m2X4. Moreover such a Q-divisor D is Q-Cartier. It is globally
generated (resp. ample) if and only if d3 and d4 are non-negative (resp. positive). In that
case, the moment polytope QD (which equals the pseudo-moment polytope for toric varieties)
is the rectangle of vertices (0, 0), (d3, 0), (d3, d4) and (0, d4).

Here −KX = X1−X2−X3−X4, so that D+εKX = −εX1−εX2 +(d3−ε)X3 +(d4−ε)X4.
For ε small enough, the moment polytope QD+εKX is the rectangle of vertices (ε, ε), (d3−ε, ε),
(d3 − ε, d4 − ε) and (0, d4 − ε).

We distinguish three cases, with positive d3 and d4:

• d3 = d4: the family (Qε)ε∈Q≥0
consists of rectangles for ε ∈ [0, d3[, a point for ε = d3

and the empty set for ε > d3; the MMP described by this family consists of the fibration
from X to the point.

•

• d3 < d4: the family (Qε)ε∈Q≥0
consists of rectangles for ε ∈ [0, d3[, an interval for ε = d3

and the empty set for ε > d3; the MMP described by this family consists of a fibration
from X to P1 (projection on the second factor of P1 × P1).

•

•

• d3 > d4: similarily, the MMP described by the family (Qε)ε∈Q≥0
consists of a fibration

from X to P1 (projection on the first factor of P1 × P1).

• •

Example 4.2. Let X be P2 blown-up at a point. It is also a toric variety of dimension 2,
with four (C∗)2-stable divisors X1, X2, X3 and X4 (the exceptional divisor of the blow-up),
so that x1 = (1, 0), x2 = (0, 1), x3 = (−1,−1) and x4 = (0,−1).

Every divisor of X is still linearly equivalent to some D = d3X3 + d4X4. Moreover such a
Q-divisor D is Q-Cartier. It is globally generated (resp. ample) if and only if d3 and d3−d4 are
non-negative (resp. positive). And the moment polytope QD is the quadrilateral of vertices
(0, 0), (d4, 0), (d4, d3 − d4) and (0, d3).

Here also −KX = X1 −X2 −X3 −X4, so that D + εKX = −εX1 − εX2 + (d3 − ε)X3 +
(d4− ε)X4. For ε small enough, the moment polytope QD+εKX is the quadrilateral of vertices
(ε, ε), (d4 − ε, ε), (d4 − ε, d3 − d4) and (ε, d3 − 2ε).

We distinguish three cases, with positive d3 and d3 − d4:

• 2d3 = 3d4: the family (Qε)ε∈Q≥0
consists of quadrilaterals for ε ∈ [0, d33 [, a point for

ε = d3
3 and the empty set for ε > d3

3 ; the MMP described by this family consists of the
fibration of X to the point.

•

• 2d3 < 3d4: the family (Qε)ε∈Q≥0
consists of quadrilaterals for ε ∈ [0, d3 − d4[, a triangle

for ε ∈ [d3 − d4,
d4
2 [ and the empty set for ε > d4

2 ; the MMP described by this family

13



consists of the bow-up map X −→ P2 (which is a divisorial contraction), and the fibration
from P2 to the point.

•

• 2d3 > 3d4: the family (Qε)ε∈Q≥0
consists of quadrilaterals for ε ∈ [0, d42 [, an interval

for ε = d4
2 and the empty set for ε > d4

2 ; the MMP described by the family (Qε)ε∈Q≥0

consists of a fibration from X to P1.

•

•

Example 4.3. We now consider a 3-dimensional toric variety X such that the moment poly-
tope of an ample Q-Cartier Q-divisorD ofX is the first polytope of Figure 4.3. HereG = (C∗)3

and the variety X has six G-stable prime divisors X1, . . . , X6 respectively with associated
primitive elements of N : x1 = (0, 0, 1), x2 = (2, 0,−1), x3 = (0, 2,−1), x4 = (−2, 0,−1),
x5 = (0,−2,−1) and x6 = (−1,−1,−2). And D = X1 + 4X2 + 3X3 − 4X4 − 3X5 + 5X6.

Then for any ε ∈ Q≥0, we have Qε := {x ∈ Q3 | Ax ≥ B + εC} where

A =


0 0 1
2 0 −1
0 2 −1
−2 0 −1
0 −2 −1
−1 −1 −2

 , B =


−1
−4
−3
4
3
−5

 , and C =


1
1
1
1
1
1

 .

We draw some polytopes of the family (Qε)ε∈Q≥0
, as ε grows, in Figure 4.3. We observe 5

equivalent classes of polytopes: the first one (with 8 vertices and 6 facets, for ε ∈ [0, 1
2 [) corre-

sponds to the variety X, the second one (with 7 vertices and 6 facets, for ε = 1
2 ) corresponds to

a variety Y that is not Q-Gorenstein, the third one (with 8 vertices and 6 facets, for ε ∈] 1
2 ,

3
2 [)

corresponds to a Q-Gorenstein variety X+, the fourth one (with 6 vertices and 5 facets, for
ε ∈ [ 3

2 , 2[) corresponds to a Q-Gorenstein variety Z and the last one (an interval, for ε = 2)
corresponds to P1.

The MMP for X, described by the family (Qε)ε∈[0,2] consists of a flip, a divisorial contrac-
tion and a fibration.

Example 4.4. Let X̄ be the projectivization of the cylinder with SO3(C) ' PSL2(C) acting
on X as in Example 1.11. Then G = SL2(C) also acts on X̄ (its center acting trivially). Let T
be the maximal torus of G consisting of diagonal matrices, and B be the Borel subgroup of G
consisting of upper triangular matrices. We denote by α the unique simple root of (G,B, T )
and by $ the unique fundamental weight (G,B, T ).

Then G acts on X̄ with an open orbit isomorphic to G/H where H is the kernel of the
character 2$ of B. In particular X̄ is a horospherical variety. The lattice M is the sublattice
Z(2$) ' Z of X(B) = Z$. The homogeneous space G/H has one color associated to the
unique simple root α of SL2(C), and α∨M = 2. Note also that X(B)+

Q is the half-line Q≥0$.

Moreover there are exactly two projective G/H-embeddings: X̄ that corresponds for ex-
ample to the moment polytope [0, 2$] (note that V (0) ⊕ V (2$) = C ⊕ S2C2 ' C4), and X̃
that corresponds for example to the moment polytope [2$, 4$].

The MMP for X̄ only consists of a fibration to a point (as we saw in Example 1.11): the
family (Qε)ε∈[0, 12 ] is the family of intervals [0, 2(1− 2ε)$]. And the MMP for X̃ only consists

of a fibration to SL2 /B ' P1: the family (Qε)ε∈[0, 12 ] is the family of intervals [2$, 4(1− ε)$].

Note that there is a contraction from X̃ to X̄, but it contracts zero curves, in particular it
cannot appear in the classical MMP.
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Figure 2: Some polytopes of the family (Qε)ε∈Q≥0
in Example 4.3

ε = 0 ε = 1
2

ε = 3
2 ε = 2
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Example 4.5. Let G = SL4(C). Let B be the Borel subgroup of G consisting of upper
triangular matrices, and T the maximal torus consisting of diagonal matrices. Denote by α1,
α2 and α3 the three simple roots of (G,B, T ) with Bourbaki’s notation, and by $1, $2 and
$3 the corresponding fundamental weights.

Let P be the minimal parabolic subgroup containing B and associated to the simple root
α3, so that R = {α1, α2}. And let H be the kernel of the character $1 + 2$2 : P −→ C∗. In
fact

H = {


t2 ∗ ∗ ∗
0 t−3 ∗ ∗
0 0 ∗ ∗
0 0 ∗ ∗

 ∈ SL4(C), | t ∈ C∗}.

Then M = Z($1 + 2$2) ' Z Moreover, X(P ) = Z$1 ⊕ Z$2 and X(P )+ = N$1 ⊕ N$2.
Note also that n = 1, G/H is 6-dimensional and MQ 6= X(P )Q. Consider the unique projective
G/H-embedding X without color. It has two G-stable prime divisors X1 and X2, with x1 =
1(= $1 + 2$2) and x2 = −1, two other B-stable prime divisors Dα1 and Dα2 whose images
respectively α∨1M = 1 and α∨2M = 2. We can also compute that aα1 = 2 and aα2 = 3.

Let D = X1 + 9X2 + 3Dα1
+ 3Dα2

.

Then A =


1
−1
1
2

 and B̃ =


−1
−9
−3
−3

. Moreover −KX = X1 + X2 + 2Dα1
+ 3Dα2

, so

that C̃ =


1
1
2
3

 and vε = (3− 2ε)$α1 + (3− 3ε)$α2 .

We draw some polytopes (intervals) of the family (Qε)ε∈Q≥0
in Figure 4.5. The MMP for

X, described by the family (Qε)ε∈[0,4] consists of a divisorial contraction (adding a color), a
flip (exchanging colors) and a fibration to the Grassmannian SL4(C)/P ($2) of planes in C4.
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Figure 3: Some polytopes of the family (Qε)ε∈Q≥0
in Examples 4.5
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Fourier, Grenoble 1, available at http://tel.archives-ouvertes.fr/tel-00111912, 2006.

[Pas08] , Variétés horosphériques de Fano, Bull. Soc. Math. France 136 (2008),
no. 2, 195–225.

[Pas14] , A Minimal Model Program for Q-Gorenstein varieties, preprint available
at arXiv:1406.6005v2 (2014).

[Pas15] , An approach of the minimal model program for horospherical varieties via
moment polytopes, J. Reine Angew. Math. 708 (2015), 173–212.

[Pas17] , The log minimal model program for horospherical varieties via moment
polytopes, preprint available at arXiv:1612.03695, to appear in Acta Mathematica
Sinica (2017).

[Per08] Daniel Perrin, Algebraic geometry, Universitext, Springer-Verlag London, Ltd.,
London; EDP Sciences, Les Ulis, 2008, An introduction, Translated from the 1995
French original by Catriona Maclean.

18


